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Separable equationsy′(x) = a(x) b (y(x)) ,y(x0) = y0, (S)
solution
∫ y
y0
dz
b(z)
=
∫ x
x0
a(s) ds (R)
3/11 Pi?
22333ML232
Go back to the problem we studied using successive approximations
i.e. y′(x) = −2xy(x)y(0) = 1
now using (R) with a(x) = −2x, b(y) = y, x0 = 0, y0 = 1 we see that∫ y
y0
1
b(z)
dz =
∫ x
x0
a(z)dz
reads as
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Go back to the problem we studied using successive approximations
i.e. y′(x) = −2xy(x)y(0) = 1
now using (R) with a(x) = −2x, b(y) = y, x0 = 0, y0 = 1 we see that∫ y
y0
1
b(z)
dz =
∫ x
x0
a(z)dz
reads as∫ y
1
1
z
dz =
∫ x
0
(−2z)dz ⇐⇒ ln y = −x2 ⇐⇒ y(x) = e−x2
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Esercizio Risolvere il problema di Cauchyy′(t) = 12 y(t)− 14 y2(t)y(0) = 1
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1
dz
1
2 z − 14 z2
= t ⇐⇒
∫ y
1
dz
z(2− z) =
t
4
fratti semplici
1
z(2− z) =
1
2
(
1
z
+
1
2− z
)
=⇒
∫
dz
z(2− z) =
1
2
ln
∣∣∣∣ z2− z
∣∣∣∣
5/11 Pi?
22333ML232
siccome per z = 1 si ha che
z
2− z = 1 > 1
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siccome per z = 1 si ha che
z
2− z = 1 > 1
allora ∫ y
1
dz
z(2− z) =
1
2
ln
y
2− y =
t
4
quindi
ln
y
2− y =
t
2
=⇒ y = 2e
t/2
et/2 + 1
=
2
1 + e−t/2
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Derivate di integrali parametrici
Se [α, β], ]a, b[⊂ R sono due intervalli ed f :]a, b[×[α, β] → R e` tale
che
(i) per ogni t ∈]a, b[ la funzione x 7→ f(t, x) e` integrabile in [α, β]
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Se [α, β], ]a, b[⊂ R sono due intervalli ed f :]a, b[×[α, β] → R e` tale
che
(i) per ogni t ∈]a, b[ la funzione x 7→ f(t, x) e` integrabile in [α, β]
(ii) per ogni x ∈ [α, β] la funzione t 7→ f(t, x) e` derivabile in ]a, b[
(iii) per ogni t ∈]a, b[ e per ogni x ∈ [α, β] esiste g integrabile su [α, β]
tale che ∣∣∣∣∂f∂t (t, x)
∣∣∣∣ ≤ g(x)
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allora, posto
F (t) :=
∫ β
α
f(t, x)dx
la funzione F (t) e` derivabile e vale
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α
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∂t
(t, x)dx
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Teorema (De Moivre, Gauss, Laplace, Poisson)
∫ ∞
−∞
e−x
2
dx =
√
pi
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∫ ∞
−∞
e−x
2
dx =
√
pi
Corollario ∫ ∞
−∞
e−pix
2
dx = 1
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Esercizio
Sia f(x, t) =
ln(1 + t2x2)
1 + x2
con x > 0, t > 0 e si ponga
φ(t) =
∫ +∞
0
f(x, t) dx.
Provare che, usando al momento opportuno l’identita`
2tx2
(x2 + 1) (t2x2 + 1)
=
2t
(t2 − 1) (x2 + 1) −
2t
(t2 − 1) (t2x2 + 1)
1. φ′(t) =
pi
1 + t
2. lim
t→0
φ(t) = 0
3. φ(t) = pi ln(1 + t)
4.
∫ +∞
0
ln(1 + x2)
1 + x2
dx = pi ln 2
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La funzione f(x, t) e` certamente integrabile per x ∈ [0,+∞) perche´
il logaritmo non ostacola la convergenza di
1
1 + x2
. Inoltre, derivando
parzialmente rispetto a t troviamo
∂f
∂t
(x, t) =
2tx2
(x2 + 1) (t2x2 + 1)
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. Inoltre, derivando
parzialmente rispetto a t troviamo
∂f
∂t
(x, t) =
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(x2 + 1) (t2x2 + 1)
Questa funzione e` integrabile per x ∈ [0,+∞) e, sfruttando il sugger-
imento abbiamo
φ′(t) =
∫ +∞
0
2tx2
(x2 + 1) (t2x2 + 1)
dx =
2t
t2 − 1
∫ +∞
0
(
1
x2 + 1
− 1
t2x2 + 1
)
dx
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Ora ∫ +∞
0
1
1 + x2
dx = [arctanx]+∞0 =
pi
2
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1
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2t
In definitiva
φ′(t) =
2t
t2 − 1
(pi
2
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2t
)
=
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1 + t
Pertanto, osservato che φ(0) = 0
φ(t) = pi ln(1 + t) =⇒ φ(1) = pi ln 2
